In this paper, we consider the V -soliton equation which is a degenerate fully nonlinear equation introduced by La Nave and Tian in their work on Kähler-Ricci flow on symplectic quotients. One can apply the interpretation to study finite time singularities of the Kähler-Ricci flow. As in the case of Kähler-Einstein metrics, we can also reduce the V -soliton equation to a scalar equation on Kähler potentials, which is of Monge-Ampère type. We formulate some preliminary estimates for such a scalar equation on a compact Kähler manifold M .
Introduction
The Ricci flow was introduced by R. Hamilton in 1982 [13] . Hamilton conjectured that the flow would break the manifold into pieces at the singular times, and initiated a program of Ricci flow with surgeries [14] . The method of Ricci flow with surgery has become a very powerful tool to study the topology and geometric structures of Riemannian manifolds. In [18] [19] [20], Perelman's ground-breaking work refined Hamilton's surgery process and proved Thurston's geometrization conjecture for 3-manifolds.
There has been much interest in studying the phenomenon in the case of Kähler manifolds. Let (X, ω) be an m-dimensional compact Kähler manifold. We denote a Kähler metric by its Kähler form ω. Because the Ricci flow preserves the Kähler condition, it leads to the Kähler-Ricci flow as follows:
where ω 0 is any given Kähler metric and Ric(ω) denotes the Ricci form of ω. As long as the flow exists, the Kähler class of ω(t) is given by (1.2) [ω(t)] = [ω 0 ] + tc 1 (K X ) > 0,
where K X is the canonical bundle of X. The Ricci flow always has a solution for t small. In [35] , Tian-Zhang gave a sharp local existence for (1.1). For any initial Kähler metric ω 0 , the flow (1.1) has a maximal solution ω t on X × [0, T max ), where
The Kähler-Ricci flow has been studied extensively and become a powerful tool in Kähler geometry. Cao [3] studied the Kähler-Ricci flow and proved that the Kähler-Ricci flow always converges exponentially fast to a Kähler-Einstein metric if the first Chern class is negative or zero. Using this, Cao gave an alternative proof of the Calabi conjecture which was first proved by Yau [40] . If the first Chern class is positive and T is finite, the behavior of g(t) as t tends to T has been extensively studied (see [21, 37, 22, 23, 5, 36, 4, 1] etc.). In the cases that the Kähler manifolds do not admit definite or vanishing first Chern class, the flow will in general develop singularities. Song-Tian [27, 28, 29] initiated an Analytic Minimal Model Program through Ricci flow which is parallel to Mori's birational minimal model program (see [2, 12] ). The study of formation of singularities along the Kähler-Ricci flow is a crucial problem in this program. In [29] , it was conjectured that the Kähler-Ricci flow will either deform a projective algebraic variety to its minimal model via finitely many divisorial contractions and flips in the Gromov-Hausdorff sense, and then converge (after normalization) to a generalized Kähler-Einstein metric on its canonical model, or collapse in finite time (see also [34] ). This extended earlier conjectures of Feldman-Ilmanen-Knopf [7] , which were established in [30, 6] . These surgeries were proved to be continuous in the Gromov-Hausdorff topology for Kähler surfaces in [31, 32] . Higher dimensional metric surgeries via the Kähler-Ricci flow are constructed for certain families of projective manifolds in [33, 24] . For more details of the behavior of the Kähler-Ricci flow with finite time singularity, see [41, 26, 8, 25, 42, 9, 10, 39] .
In [15] , La Nave and Tian studied the Kähler-Ricci flow through singularities in the frame work of Kähler quotients by identifying the Kähler-Ricci flow with a degenerate fully nonlinear equation on the resolution. The authors proposed an interpretation of the Kähler-Ricci flow on a manifold X as an exact elliptic equation of Einstein type on a manifold M of which X is one of the (Kähler) symplectic reductions via a (non-trivial) torus action. Note that a large class of birational transformations can be constructed through symplectic quotients. Then their interpretation may reduce studying singularities of the Kähler-Ricci flow on quotients to studying an elliptic problem on M.
More precisely, let (M, g) be a Kähler manifold of dimension n 2 which admits a Hamiltonian S 1 -action by holomorphic automorphisms and let V be the vector field generating such an action. Let µ : M → R be a moment map or a Hamiltonian function for this action, i.e.
We will callg a V-soliton metric if it is Kähler and satisfies:
where f is a function on R. This can be regarded as a generalization of Kähler-Einstein metrics or Kähler-Ricci solitons. Let S(µ) ⊂ R be the set of singular values. It is closed, so the set R(µ) := R\S(µ) of regular values is a disjoint union of open intervals. For any regular value τ , µ −1 (τ ) is smooth and S 1 acts freely on it, so the symplectic quotient X τ = µ −1 (τ )/S 1 is a smooth manifold. Moreover, since S 1 acts on M by holomorphic automorphisms, X τ has an natural complex structure J τ induced from the one on M. The restriction of g to µ −1 (τ ) descends to a Kähler metricg τ on X τ . Hence, (X τ ,g τ ) is a Kähler manifold. If τ ∈ [τ 0 , τ 1 ] ⊂ R(µ), then all these X τ are biholomorphic to each other, we may assume they all biholomorphic to a fixed complex manifold X. However, induced Kähler metricsg τ depend on τ . We consider Kähler metrics which are invariant under the S 1 -action. The main theorem in [15] is as follows: Theorem 1.1. If ωg is a V-soliton metric on M and invariant under the S 1 -action, then for τ ∈ [τ 0 , τ 1 ], ωg τ (t) on X = X τ is a solution of (1.1), where τ (t) = ct for an appropriate constant c > 0. Conversely, a solution ω t of (1.1) can be lifted to be a V-soliton on an open subset U of a certain M with a S 1 -action and a Hamiltonian µ such that µ(U) ⊂ R(µ).
This interpretation can be also extended to any symplectic quotients by more general groups. An holomorphic Hamiltonian action of a Lie group G on a manifold M comes with a moment map µ : M → G * : For every coadjoint orbit in the dual Lie algebra of G, τ ⊂ G * , there is a Kähler quotient X τ := µ −1 (τ )/G, as above, we may have an elliptic equation on M whose solutions can descend to solutions of the Kähler-Ricci flow on X τ .
Similarly to the case of Kähler-Einstein metrics, we can reduce (1.5) to a scalar equation on Kähler potentials, which is of Monge-Ampère type. To be more explicit, we choose g such that c 1 (M) coincides λ [ω g ].
Then we can write ωg as ωg = ω g + √ −1 2 ∂∂u. Consider the following
where F is a given smooth function satisfying
We call (1.6) a scalar V -soliton equation.
One motivation for studying (1.6) comes from establishing the existence of V -soliton metric. If F satisfies
theng is a V -soliton metric, i.e.g satisfies (1.5).
Since V is generated by S 1 -action, we obtain that V is real. We can rewrite (1.6) in a slightly different way: Let Z = JV + √ −1V . Then Z is a holomorphic vector field on M and |Z| 2 g = 2|V | 2 g . Thus (1.6) becomes
We may use the perturbation method to solve (1.7). Consider
where 0 < ε < 1, and C ε is chosen such that
Our main goal in this paper is to develop some a priori estimates of solutions for this scalar V -soliton equation. For simplicity, we assume that M is compact. Here we consider (1.7) only when λ 0.
For the zero order estimate, it was proved by La Nave-Tian [15] when λ = 0. When λ = −1, we adapt an approach of Tosatti-Weinkove [38] . We prove
for any S 1 -invariant solution u. This implies the uniform estimate (1.9). Note that the condition Ric 0 is a special case.
For the second order estimates, we prove the following:
There exists a constant C depending only on u C 0 , Z, F and (M, ω) such that for any solution u for (1.8), we have
In some special cases, we can get the Laplacian estimate. Hence, we have
The scalar V-soliton equation (1.6) has been much less studied so far. In [11] , Guan-Li studied the following Monge-Ampère type equation:
where χ is a smooth real (1,1)-form on M and ψ ∈ C ∞ (M) is a strictly positive function. The authors solved this Dirichlet problem on compact Hermitian manifolds admitting a subsolution. One of the motivation which was important in leading the authors to this problem is the scalar V-soliton equation (1.6) . In local coordinates, the equation above can be written as
which is a similar form as (1.6). The rest of the paper is organized as follows. In Section 2, we introduce some basic results, and notations, in Kähler geometry and symplectic quotients. We prove Proposition 1.2 in Section 3 and Proposition 1.3-Proposition 1.5 in Section 4.
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Preliminary
In this section, we collect some preliminary results.
2.1. Basic results and notation in Kähler geometry. Let (M, g, J) be a Kähler manifold of dimension n. Here J is the induced almost complex structure on M and g is the Hermitian metric compatible with J. We denote ω = ω g the Kähler form of g. Recall that g is Kähler if ω is closed.
The complexified tangent bundle T C M = T M ⊗ C has a natural splitting
Because J is parallel, we see that
Under the local complex coordinates (z 1 , · · · , z n ), we can write
Then the connection ∇ is given by
Hence, the curvature tensor R is represented as
We define the Ricci curvature Ric(ω) = √ −1 2 R kl dz k ∧dz l to be the trace of R, so we get
It is the same as the one in Riemannian geometry. For a function f ∈ C 2 (M), ∂∂f is given in local coordinates by
We define the canonical Laplacian of f respect to the Chern connection by 
We can define the comoment map and the moment map as follow: Then µ is called the moment map.
Note that µ is G-equivatiant, i.e. µ(β · p) = Ad * β (µ(p)), ∀p ∈ M, ∀β ∈ G. The existence of a comoment map is equivalent to the existence of a G-equivatiant moment map.
In these circumstances, one can perform the so-called symplectic quotient. Let G acts freely on M. Assume the action of G is hamiltonian. Then for any τ a G-orbit in G * , we can define the symplectic quotient to be X τ := µ −1 (τ )/G. By the Marsden-Weinstein-Meyer Reduction Theorem [17] [16], we have that X τ is a symplectic manifold of dimension n − 2k with symplectic form ω τ if τ is a regular value for µ. Let π τ : µ −1 (τ ) → µ −1 (τ )/G be the natural projection and i : µ −1 (τ ) ֒→ M the natural inclusion, then i * ω = π * τ ω τ . The pair (X τ , ω τ ) is called the symplectic quotient of (M, ω) with respect to G, µ, or the symplectic reduction, or the reduced space, or the Marsden-Weinstein-Meyer quotient, etc.
If (M, ω) is a Kähler manifold and G acting symplectically on M via holomorphic ismetries. These results carry though to the complex structure of the Kähler quotients. We can think of G as a sub-bundle of T µ −1 (τ ). In fact, for any Y ∈ G, we can prove thatỸ ∈ T (µ −1 (τ )). Let Q p (τ ) ⊂ T p µ −1 (τ ) be the orthogonal complement of G with respect to ω. Hence we have the orthogonal decomposition of the tangent space
where J is the complex structure. It is easy to check that Q(τ ) is J-invariant and dπ τ : Q(τ ) → T X τ induces an isomorphism.
The complex structure J also induces a complex structure on the Kähler reduction X τ defined by
Moreover, if we consider the direct sum decomposition of
then dπ τ induces an isomorphism
One can check that the induced complex structure J τ on X τ is integrable. One can also prove that the complex structure does not change as long as the moment map does not cross critical values. We define the natural Riemannian metric g τ on X τ by
Then the metric g τ is compatible with J τ and g τ is in fact Kähler.
For simplicity, we assume that G = S 1 and its Lie algebra is identified with R. When G is a torus, any level is preserved and quotient at τ for the moment map µ, is equivalent to quotient at 0 for a shifted moment map ϕ : M → G * , ϕ := µ(p) − τ . Let V be the vector field generating such an action. It follows that µ −1 (t 1 )/S 1 and µ −1 (t 2 )/S 1 are biholomorphic to each other whenever t 1 and t 2 are in an interval which does not contain any critical values of µ. The following lemma is due to La Nave-Tian [15] .
Lemma 2.1 (L-T).
If V has no zeroes in a neighborhood of µ −1 ([a, a + t 0 ]), then the 1-parameter group of diffeomorphisms φ t : M → M generated by the vector field U = JV
Then we get an one-parameter family of metrics on X a , h(τ ) = φ * τ g a+τ , so long as there are no critical points of µ in {a + sb : 0 s 1}, where τ = sb and g a+τ is the symplectic reduction of g on X a+τ .
Zero order estimate
In this section, we give the proof of Propositon 1.2. First we recall a fact due to Zhu [43] Lemma 3.1 (Zhu) . There is a uniform constant C = C(ω) such that for any S 1 -invariant u with ω + √ −1 2 ∂∂u 0, we have
We prove Propsiton 1.2 by proving a Cherrier-type inequality and the lemmas in [38] .
Proof of Propositon 1.2. First, we prove inf M u −C. Let p be the minimum point of u. Using Proposition 1.5 and the maximum principle, at p, we obtain
which implies inf M u −C. Second, we prove sup M u C. Due to Tosatti and Weinkove's results, it sufficient to prove a Cherrier-type inequality. Integrating by parts, we get for p 1
(
3.2)
Multiplying e −pu on both sides of (1.8) and integrating, we deduce from the above where the divergence is taken with respect to the metric ω. Therefore
Plugging this into (3.5) and using lemma 3.1, we obtain
Now we can apply the standard Moser iteration scheme. Using (3.8) and the Sobolev inequality, we have for β = n n−1 > 1, where we have used the fact that u −C. Thus
We can iterate this estimate in a standard way to obtain
which is equivalent to
Then we have
where we have used the condition inf M u C 0 . Let q = p 0 − 1, then (3.13) becomes
The L ∞ bound on u now follow from the arguments of [38] . More precisely, we can adapt the arguments in [38] to estimate sup M u.
Now we consider the case | div(Z)| 2 − Ric(Z, Z) 0. By (1.8), we have
(3.15)
For the term M |Z| 2 g ω n , using (3.4) and the divergence theorem, we can compute
(3.16)
Choosing normal coordinates, we compute
where we used Z is holomorphic and formulaes in Section 2.
Plugging (3.17) into (3.16), we obtain
Without loss of generality, we assume that inf M u 1. Combining this with | div(Z)| 2 − Ric(Z, Z) 0, we get
Substituting this into (3.15), we obtain that there is a uniform constant C 0 such that
Second order estimate
In this section, we give the proof of Proposition 1.3, Propositon 1.4 and Propositon 1.5. We shall follow the notations in Section 2 and use ordinary derivatives.
First, we prove the following lemma.
Lemma 4.1. Let Z be any holomorphic vector field on a Kähler manifold (M,g). Then, for any ε > 0,
where R is the curvature of g.
Proof. By direct calculation, in any normal coordinate system with respect to ω :
We need to show that: ∀ξ i , ξ j ∈ C,
In fact,
We will make ubiquitous use of this lemma. Now we are in a position to prove Proposition 1.3.
Proof of Proposition 1.3. We consider the following quantity
where A is a constant to be determined later. Let p be the maximum point of Q. We choose the normal coordinate system (with respect to ω) centered at p such that g ij (p) = δ ij and dg(p) = 0, g ij (p) = δ ijgiī (p) andg 11 (p) g 11 (p) · · · g nn (p).
For convenience, we use the following notation:
Define the linearized operator by
(4.1) where we assume tr ωω > 1 without loss of generality.
First, we need to deal with the third order terms in (4.3). Sinceg ij H,ε is a positive matrix, there exists a Hermitian matrix B such that 
Hence, after choosing A = C 0 + 1, we have ∆g H,ε (log tr ωω − Au)
Applying the maximum principle, we see that
Thus, for i n − 1, we obtain (4.7)g ii C.
Recalling (1.8), it is clear that
.
Using (4.6) and (4.8), we obtain (4.9)
Combining this with (4.7), we havẽ
which implies n + ∆u ng 11 C|Z| 2 g + C, as required. Now we are in a position to prove Proposition 1.4.
Proof of Proposition 1.4. Suppose the holomorphic bisectional curvature BK D > 0. Let q be the maximum point of tr ωω . We choose the normal coordinate system (with respect to ω) centered at q such thatg ij (q) = δ ijg ii (q) andg 11 (q) g 11 (q) · · · g nn (q). Recalling At q, applying the maximum principle, we see that (4.10)
ig ii H,ε (n + ∆u) C.
We split up into different cases. Let B be a constant to be determined later. n i=1g ii C(|Z| 2 g + ε).
We obtain Then we have Let p be the maximum point of |Z| 2 g . Around p, we choose holomorphic coordinates such thatg ij (p) = δ ij and dg ij (p) = 0.
We compute at p,
Differentiating (4.15) twice, we see that
Using Lemma 4.1, it follows that ∆g H,ε (|Z| 2 g ) |Z| 2 g − C. Applying the maximum principle, we obtain the desired estimate.
